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PART I:

“Randomness’ in Mathematics

(why the quotation marks?)



Quiz

e What is /27
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@ What is /27 Its the diagonal length of a unit square.
o What is ‘5342117068'? Its the 90-th to 99-th digit of 7.

First 99 digits of

T 1T
Il “:w‘\ "\‘E“‘ “
. ( I I |

[ | \“ I “\H I “H‘ [ I ‘ U‘ |
I\ HHH“‘ HHH |

|

@ Digits of 7 looks random!



Quiz (cont'd)

@ How random is the digits of 77
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Quiz (cont'd)

@ How random is the digits of 7?7 Draw a histogram.
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Quiz (cont'd)

@ How random is the digits of 77
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Quiz (cont'd)

@ How random is the digits of w7 Draw a histogram.

Animated 2D Path from Digits of =
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(b) The trajectory of a person’s walk if
(a) Histogram of 10,000 digits of 7. the person were guided by the digits of .

o Digits of 7 is roughly uniformly distributed, which is totally random!
(see entropy [CTO05])

Dac
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A Few Problems to Think About

@ Open problem: Show that 7 is a normal number, i.e. its digits are
uniformly distributed.
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A Few Problems to Think About

@ Open problem: Show that 7 is a normal number, i.e. its digits are
uniformly distributed.

@ Is the distribution of the digits invariant under base-change? e.g. if we
transform 7 to base-2, would the digits still be uniformly distributed?

@ What is the distribution of normal numbers in [0, 1]?
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Where does the randomness in ™ come from?
@ What is 7
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Where does the randomness in ™ come from?

@ What is w7 If a square were to be morphed into a circle, then it is the
scalar (dilation) factor for the area.

Figure: The region x2 + y? < r? in Z2.
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Where does the randomness in ™ come from?

@ What is w7 If a square were to be morphed into a circle, then it is the
scalar (dilation) factor for the area.

Figure: The region x2 + y? < r? in Z2.

e It is a limit (via completeness). The number of lattice points f(r)
inside a circle C, of radius r as r — oo with unit lattice fixed [HC52].

(r* = (r—=v2)%) < f(r) — Area(C,) < o ((r + V2)% — r?)
<

E_Q f(r) — Area(Cr) _ 2+42
ror2 "~ r2 ~oor
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Where does the randomness in m come from? (cont'd)

o The lattice points are integer pairs (x, y) € Z? satisfying x> 4+ y? < r2.
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Where does the randomness in m come from? (cont'd)

o The lattice points are integer pairs (x, y) € Z? satisfying x> 4+ y? < r2.
@ Use a fact from number theory to count the number of possible
integer pairs satisfying x2 + y2 < |r]2. One gets the Leibniz series
[HC52, ch. 2]
i (=

k=0
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Where does the randomness in m come from? (cont'd)

o The lattice points are integer pairs (x, y) € Z? satisfying x> 4+ y? < r2.
@ Use a fact from number theory to count the number of possible
integer pairs satisfying x2 + y2 < |r]2. One gets the Leibniz series
[HC52, ch. 2]
R

@ Properties of the limiting object can be totally different from its
underlying approximation. In particular, irrationality (randomness in
digits) appears.
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Is there a probabilistic way of computing 77

@ Sample points xi,...,xy independently over a square of length 2r in
R? using uniform distribution.

o Compute the ratio:
number of points landing in circle T’

M ~ P(points in C,) = o

Go to this link for simulation.
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https://mste.illinois.edu/activity/estpi/

PART II:

Randomness in Nature



Quiz: Coin Tosses

@ A tossing of a fair coin...is the outcome deterministic or stochastic?
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Coin Tosses and Particle Dynamics
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Coin Tosses and Particle Dynamics

In 1828, Robert Brown (a botanist) observed an irregular movement by
suspended particles moving in liquid [Edi].

) Tflat

Figure: Suspended particles with initial concentration_pg in_a liquid.
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History of Brownian Motion

@ Suspended particles collide many times with smaller liquid particles
producing irregular movement.
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https://en.wikipedia.org/wiki/Stable_Diffusion
https://en.wikipedia.org/wiki/Wiener_process

History of Brownian Motion

@ Suspended particles collide many times with smaller liquid particles
producing irregular movement.

@ When Brown observed these irregular movements, no quantitative
results were produced.
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History of Brownian Motion

@ Suspended particles collide many times with smaller liquid particles
producing irregular movement.

@ When Brown observed these irregular movements, no quantitative
results were produced.

@ In 1905, Einstein produced a heuristic computation for the dynamics
of suspended particle density [Ein56]. This irregular movement is
called Brownian Motion.
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History of Brownian Motion

@ Suspended particles collide many times with smaller liquid particles
producing irregular movement.

@ When Brown observed these irregular movements, no quantitative
results were produced.

@ In 1905, Einstein produced a heuristic computation for the dynamics
of suspended particle density [Ein56]. This irregular movement is
called Brownian Motion.

@ Brownian motion is a building block of algorithms or models in many
applications including generative Al
(image generation through diffusion), mathematical finance, and
physics.
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Einstein's argument [Ein56]

@ v(x,t) be the density of particles at position x and time t.
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Einstein's argument [Ein56]

@ v(x,t) be the density of particles at position x and time t.

@ dn is the number of particles passing through a cross-section of width
dA over time period 7.

e ¢(A) is the probability of a particle moving by a distance A.

@ If movement is random, then particles are equally likely to move left
or right.

dn=n-¢(A)-dA , ¢(A)=¢(-A)
Vix,t+7) = /y(x + A1) $(A) dA.
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@ v(x,t) be the density of particles at position x and time t.

@ dn is the number of particles passing through a cross-section of width
dA over time period 7.

e ¢(A) is the probability of a particle moving by a distance A.

@ If movement is random, then particles are equally likely to move left
or right.

dn=n-¢(A)-dA , ¢(A)=¢(-A)
Vix,t+7) = /V(x + A1) $(A) dA.

e Expand in Taylor series v(x,t + 7) and V(X + A t).

v 2
x,8) + T+ olr) = v, ) + BalA]- 5L+ 3 Bola% - S+ o(a?)
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Einstein's argument [Ein56]

@ v(x,t) be the density of particles at position x and time t.

@ dn is the number of particles passing through a cross-section of width
dA over time period 7.

e ¢(A) is the probability of a particle moving by a distance A.

@ If movement is random, then particles are equally likely to move left
or right.

dn=n-¢(A)-dA , ¢(A)=¢(-A)
Vix,t+7) = /V(x + A1) $(A) dA.

e Expand in Taylor series v(x,t + 7) and V(X + A t).

0 1 52y
V(X, t)+787Z+0( ) —Z/(X t)—|—E¢[A] +§ E¢[A2] - = —|—O(A2)
ov 1 0%y Vy[A] .
—_— = — . . —_— :: vy h .
gt 2P g2 0P ——  (heat equation)

D > 0 is called the diffusion coefficient.
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A Rigorous Derivation of Brownian Motion

Theorem (Donsker's Invariance Principle)

([Don51; KS91]). Let {&; € Z : j € N} be i.i.d variables with mean zero

and finite variance 0® < oo and S, ;= 21’7:1 & with Sg = 0. Define the

linearly interpolated sequences of random walk Xt(") on 7

1

(n) _
X" =

Y.t where Y;= Sl_fj + (t = LtJ)thJ_H , t>0.

The sequence of paths (functions) Xt(") converges in distribution to a
standard Brownian motion on the space of continuous functions C([0, o))
as n — oo.

v

@ Any linearly interpolated simple random walk (independent of how
the walk is distributed) converges to a BM.
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1

(n) _
X" =

Y.t where Y;= Sl_fj + (t = LtJ)thJ_H , t>0.

The sequence of paths (functions) Xt(") converges in distribution to a
standard Brownian motion on the space of continuous functions C([0, o))
as n — oo.

v

@ Any linearly interpolated simple random walk (independent of how
the walk is distributed) converges to a BM.

@ Path of the digits of 7 is like a path of BM!
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Don’t underestimate simple phenomena. Study them
well and be inspired by their beauty.

@ Donsker's result relates coin tosses (something simple) with Brownian
motion (something irregular, non-smooth, complex).
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@ We understand complex systems by reducing them to simple ones.

@ Instead of finding which classes or programs to take next, find
something that fascinates you (can be as simple as an apple
falling from a tree) and let your passion and curiosity drives you.
Fascination of a simple event led Newton to discover groundbreaking
scientific inventions: calculus, gravity, etc.
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Don’t underestimate simple phenomena. Study them
well and be inspired by their beauty.

@ Donsker's result relates coin tosses (something simple) with Brownian
motion (something irregular, non-smooth, complex).

@ We build complex models from simple ones.
@ We understand complex systems by reducing them to simple ones.

@ Instead of finding which classes or programs to take next, find
something that fascinates you (can be as simple as an apple
falling from a tree) and let your passion and curiosity drives you.
Fascination of a simple event led Newton to discover groundbreaking
scientific inventions: calculus, gravity, etc.

Thank you and Good luck.
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